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Abstract. Let Q C be a compact imbedded Riemannian manifold of 
dimension d > 1 and define the (d + l)-dimensional Riemannian manifold 
Ai := {{x,r{x)u!) : a; £ R, tij £ fl} with r > and smooth, and the natural 
metric ds^ = (1 + r' {x)^)dx^ +r^{x)dsQ. We require that M has conical ends: 
r(x) = \x\ + 0{x~^) as X — > ±00. The Hamiltonian flow on such manifolds 
always exhibits trapping. Dispersive estimates for the Schrodinger evolution 
gitAjv, ^jjjj ^[^g wave evolution e'*V~^A< are obtained for data of the form 
f(x,Lu) = Yn{Lo)u{x) wherc Yn are eigenfunctions of An. This paper treats 
the case d = 1 , Yo = 1 . In Part II of this paper we provide details for all cases 
d + n > I. Our method combines two main ingredients: 

(A) a detailed scattering analysis of Schrodinger operators of the form — 0| + 

on the line where V{^) has inverse square behavior at infinity 

(B) estimation of oscillatory integrals by (non)stationary phase. 



1. Introduction 

It is well-known that the free Schrodinger evolution on M"+^ satisfies the dispersive 
bound 

(1-1) l|e^*^/lloo<|tr*||/||i 

where A denotes the Laplacean in M". Similarly, solutions to the wave equation 
□u = 0, m(0) = uo, dtu{0) = ui 

in ]R"+i satisfy 

Mt, OIU < t-"^ (ll^oll^z^i,, + 
(1-2) _„-!/ X 

\Ht, OIloo <t —[ \\uo\\ . + lluill . 21-1 

in odd and even dimensions, respectively. Another instance of such decay bounds 
are the global Strichartz estimates 

(1-3) l|e'*^/ll^.+|(«„+,)<ll/llL2(K") 

and mixed-norm variants thereof as well as the corresponding versions for the wave 
equation. 

In this paper we establish a decay estimate (valid for all t), similar to (II. 1|) . 
for the Schrodinger and wave evolution on a class of non-compact manifolds which 
exhibit trapping of the Hamiltonian flow. There has been much activity around 
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establishing dispersive and Strichartz estimates for more general operators, namely 
for Schrodinger operators of the form H = —A + V with a decaying potential V or 
even more general perturbations. The seminal papers here are Ranch '15J, Jensen- 
Kato|13], and Jornee-Soffer-Sogge[l4| . We refer the reader to the survey [19] for 
more recent references in this area. 

Around the same time as [Ml, Bourgain|3^ found Strichartz estimates on the 
torus. This is remarkable, as compact manifolds do not exhibit dispersion as in (jl.ip 
which was always considered a key ingredient of the T*T argument leading to (|1.3p . 
The theme of Strichartz estimates on manifolds (both local and global in time) was 
then developed further in several important papers, see Smith-Soggej20j, Stafhlani- 
Tataru[21], Burq-Gerard-Tzvetkov[|, [5], Hassel-Tao-WunschfU], [12], Robbiano- 
Zuily[T6], and Tataru[22^. Gerard [9| reviews some of the recent work in this field. 

A recurring theme in this area is the importance of periodic geodesies for Strichartz 
estimates. In fact, it is well-known that the presence of periodic geodesies can lead 
to a loss of derivatives in the Strichartz bounds. The intuition here is that initial 
data that are highly localized around a periodic geodesic and possess high mo- 
mentum traveling around this geodesic will lead to so-called meta-stable states in 
the Schrodinger evolution provided the geodesic is stable as for example on spheres. 
Metastable states remain "coherent" for a long time, which amounts to absence 
of dispersion during that time, see for example ^9J (in the classical approxima- 
tion, dispersive estimates are governed by the Newtonian scattering trajectories — 
classically speaking, periodic geodesies are states that do not scatter). 

For this reason, many authors have imposed explicit non-trapping conditions, 
see [20] , [11] , [12] , [17] . The relevance of this condition lies with the construction 
of a parametrix, which always involves solving for suitable bi-characteristics. On 
manifolds these bi-characteristics are governed by the geodesies flow in the co- 
tangent bundle - hence the relevance of periodic geodesies. 

There is a large body of work on the so-called Kato smoothing estimates where 
this non-trapping condition also features prominently, see for example Craig-Kappeler- 
StraussfB], Doi[5, and Rodnianski-Tao[T7] . 

We now define the class of asymptotically conical manifolds A4 that we shall be 
working with. 

Definition 1.1. Let f2 C with metric dsfi be a d- dimensional compact imbedded 
Riemannian manifold and define the {d + \)- dimensional manifold 

M := {(x, r{x)uj) \ x e^, uj eVl}, ds^ = r^{x)dslt + (1 + r' {xf)dx^ 

where r e C°°(M) and infj, r{x) > 0. We say that there is a conical end at the right 
( or left) if 

(1.4) r{x) = \x\{l + h{x)), h'^^\x) ^ 0{x-^-^) Vfc>0 

as X — !■ cx) (x — > — oo). 

Of course we can consider cones with arbitrary opening angles here but this 
adds nothing of substance. Furthemore, the regularity assumption can be relaxed 
to finitely many derivatives, but we do not comment on this issue any further. With 
Q, = the manifold reduces to a surface of revolution 

S — {{x, r{x) cos 6, r{x) sin 9) : —oo < x < oo,0 < 9 < 2tt} 

with the metric ds^ — r'^{x)d9^ -I- (1 + r' {x)'^)dx'^ . It has a periodic geodesic at 
all local extrema of r. An example of such a manifold is given by the one-sheeted 
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hyperboloid: H. — and r{x) ~ -^/l + jxp —: (x). If d > 2, the entire Hamiltonian 
flow on A4 is trapped on the set {xQ,r{xo)i~i) when r'{xo) = 0. 

In what foUows, {Yn, Mn}^o denote the L^-normahzed eigenfunctions and eigen- 
values, respectively, of — Aq. In other words, —AnYn = fJ-n^n where = /ig < < 
Mi < • ■ ■ 

Theorem 1.2. Let Ai be asymptotically conical at both ends in the sense of Defi- 
nition \n\ with d > I arbitrary. Then for all t > and all n > 0, 

(1.5) \\e''^^Y^f\\L^^M)<Cin,M)t-^\\f\\L^M) 

(1.6) \\e^''''^^Y,J\\L^(^M)<Cin,M)t-^{\\f'\\LiiM) + \\f\\LHM)) 

provided f — f{x) does not depend on lo. 

We remark that in the flat case, i.e., r = const = 1 the evolutions factor into 
those on Q. and R and the dispersive rates are of course the same as on R. As for the 
wave equation, (|1.6p gives the natural estimate for cos{t^ ~/S.m) — the number of 
derivatives appearing on the right-hand side agrees with that in (II. 2|) when n — 1 
since / really sees the evolution along a one-dimensional generator the "missing" 
angular derivatives being hidden in C{n,Jv[). For ^Hlii^^^I one can prove the 

stronger bound which only requires data, but we do not elaborate on this here. 

In this paper we only prove the case d = 1, n = 0. In Part II we consider the 
general case. It turns out that the all cases subsumed in d -I- n > 1 follow very 
much the same scheme whereas d + n = \ has some separate features. This is 
to be expected, as for = 2 the dispersive estimates for — Ajjn -|- V are quite 
different from those in MJ^ with A*" > 3, compare [18] to [14]. This is due to the 
logarithmic singularity of (— Ar2 — z)~^ at z = as compared to the boundedness 
of the resolvent when A^ > 3. Not surprisingly, the logarithmic issues reappear in 
Part I but not in Part II of this series. 

We now briefly describe the main ideas behind the proofs of Theorem II. 21 First, 
using arc-length coordinates ^ on and after multiplying by the weight (^), we 
reduce matters to the Schrodinger operator 

W<i,n := + ^^l) + =■■ -^1 + ^(?) 

on M^. Here Vi(^) is a smooth potential that behaves like jd{d~' 2)^~^ as ^ ^ ±oo. 
If d = 1, n = 0, then V{£_) ^ as ^ ^ oo (it is therefore an attractive potential), 
whereas for d + n > 1 the potential V becomes repulsive (in fact, very much so 
as n and d increase). On the one hand, this difference accounts for the separate 
treatment of d + n = 1 here as opposed to part II. On the other hand, since 

ViO^[2^il + did-2)/4\r' + Oir') as 1^1 - oo, 

with a positive leading term when d-Fn > 1, it is reasonable that the cases d+n > 1 
can be treated simultaneously. 

In order to prove our theorems, we express the resolvent kernel as 

(H.^„ - (A^ + ^o)r\t a = ^^^^'ww''^^ 

when ^ > Here f± are the usual Jost solutions for 7id,n at energy A^: 
Hd,„/±(-,A) = AV±(-,A), /±(-,A)~e'«^ asC^ioo 
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and 



W{X)^W{f.{;X)J+{-,X)) 



is their Wronskian. 

Let us now briefly recall what is know about the existence of the Jost solutions 
and the asymptotic behavior of W{X) for general operators H = — 9| + V, see 
for example Deift-Trubowitz [7] for these elementary facts of scattering theory: 
for potentials V{^) satisfying (^)F(^) S L^(K) the Jost solutions exist and are 
continuous in A € M (in fact, they are continuous in A 7^ under the weaker 
condition V £ L^). Moreover, W{\) ~ 2i\ as A — > cxd and either W{Q) ^ or 
VF(A) ~ cA as A — !■ 0. The former case is said to be nonresonant whereas the 
latter is resonant; it occurs exactly if there is globally bounded nonzero solution to 
Hf ~ 0. In the nonresonant case, / ~ 1 as ^ — > 00 then necessarily implies that 
/(^) grows linearly in ^ as ^ — > -co. 

In the case of an inverse square potential the behavior of /±(-, A) and thus also 
of W{X) as A ^ is radically different. Assuming for simplicity that the leading 
order asymptotic behavior of V{^) is the same as ^ ^ ±00 (as it is here) we single 
out two possible scenarios which emerge from our analysis: first, suppose that 



where > (the case ly — differing by logarithmic corrections). Then either 
W{X) ~ cX^"^" or W{X) ~ cA"' for some ct < 1 — 2i/ as A ^ 0. Loosely speaking, 
the former can be viewed as an analogue of the nonresonant case from the usual 
scattering theory whereas the latter is the resonant case. The resonant case is 
characterized by the existence of a nonzero solution u of Ti.u — with asymptotic 
behavior ^2""^ as f ^ cxd and c as ^ ^ —00 where c ^ 0. Note that in the 

special case = |, which puts us back in the {£,)V £ scenario, this is exactly 
the standard characterization of a zero energy resonance: there exists a nontrivial 
globally bounded zero energy solution. In the resonant case one might expect a — 1, 
but our analysis does not yield that conclusion. 

To conclude this introduction, let us recall the well-known heuristic principle 
that the behavior of the spectral measure close to zero energy is the decisive fact 
for the long term behavior of any wave evolution. Indeed, with E being the spectral 
resolution of Hd.m 



Thus, decay of this Fourier transform as t — + cxd is reflected most strongly by 
the behavior of E{dX) around A = 0. This of course explains the importance of 
analyzing W{X) close to A = 0. 

We now describe the proof method in more detail. 



The Laplace-Beltrami operator on A4 where the base fl is of dimension d > 1, is 



v{o = i'^'-^)r' + o{r') as e 



00 




2. The BASIC SETUP 



(2.1) 
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We switch to arclength parametrization. Thus, let 

ax) - / V^TTWdy. 
Jo 

Then (12.11) can be written as 



(2.2) A_^^_L_a,(.'^(e)a,) + ^Ao 

where we have abused notation: r(^) instead of r(x(^)). Setting p{^) :— f 
yields 



1 



(2.3) Am via w) = 9|y + 2pd^y + - A^y. 
We remove the first order term in (|2.3p by setting 

(2.4) y(e,c^)=r(e)-^u(e,c^). 
Then 

(2.5) AMy = dly + 2pd^y + ^Any = r-'"''^ {-Uu + ^ Ajju] 
with 

(2.6) H = -9| + y, y(.i)^p\i)^m- 

Note that the Schrodinger operator H, can be factorized as 

(2.7) n^L*L, C^--^+p 

In particular, Ti. has no negative spectrum. In terms of the Schrodinger evolution, 

e-'*^-/ = r-ie**«r^/ V / = /(C) 

and the same for the wave equation. In particular, any estimate of the form 

||e-**^-/|U^(M) < Ct-'^WfWLHM) V t > 0, / = fiO 

with arbitrary a > and some constant C that does not depend on t, is equivalent 
to one of the form 

(2.8) \\r-h''^r-^u\\^^^^^<C't-"\\u\\L.^u^ \ft>0,u^u{0 

with a possibly different constant C . Here we absorbed the weight from the volume 
element dvM = r'^d^dvQ arising in the L^{Ai) norm into the left-hand side of (|2.8p . 
An analogous reduction is of course valid for the wave evolution. As usual, the 
functional calculus applied to (|2.8p yields 

E{dX) 



where E{dX) is the spectral resolution of H. The point is that there is an "explicit 
expression" for E{dX): 



E{dX^){aa = 2x{lm 
where 



./+(e,A)/-(^',A)] [Uam+icx) 



WiX) Wif.{;X), /+(•, A)) = /;(•, A)/_(., A) - /:(•, A)/+(., A) 



dX 



6 



WILHELM SCHLAG, AVY SOFFER, AND WOLFGANG STAUBACH 



is the Wronskian of the solutions /± (•, A) of the foUowing ordinary differential equa- 
tion 

nf± (C, A) = -,a A) + ViOf± (C, A) = A^ /± (e, A) 

/±(^,A)~e±^^« ase^±«3 

provided A ^ 0. The functions f± are called the Jost solutions and it is a standard 
fact that these solutions exist because of the decay of V which turns out to be 

\viO\<{0-'- 

To establish this, as well as an important refinement thereof, we start with the 
following elementary consequence of Definition 11.11 



Definition 2.1. In what follows, a term 0{x ^) is said to behave like a symbol if 
\diO{x~'-')\ < x~'^'^ as x^oo for all l>l. 

Furthermore, we shall assume henceforth that both ends of M are conical, i.e., 
(fOl) holds. 



Lemma 2.2. With suitable constants Coo,Coo, and as x ^ oo 
(2.10) ^{x) ^V2x + Coo + 0{x-^) 

as well as 

1 . /. c„ 



(2.11) r{0-^^(l-^ + Oir') 

as ^ —> oo. Moreover, the O -terms behave like symbols. 

Proof. We plug r{x) = x{l + 0{x^'^)) and thus r'{x) = 1 + 0{x^^) into the expres- 
sion for ^, i.e.. 



^(x)=/ ^2 + 0{{y)-^)dy = V2x+ / 0{{y)-^)dy 
Jo Jo 

= V2x + / 0{{y)-^) dy + 0(a;"^) = V2x + + 0{x-^) 
Jo 

Hence, 

r{x) ^x + 0{x-^) = 2-3 (^ - Coo) + O(r') 
as claimed. The symbol behavior follows from the fact that the errors in Defini- 
tion [TTl] also behave like symbols. □ 

As a corollary, we obtain 

Corollary 2.3. The potential V from (|2.6[) has the form 

(2.12) viO^{^~^)r' + 0{r') ase-oo 

where 0{^~^) behaves like a symbol. 

Proof. Simply observe that at a conical end, p — = ^S,~^{l + 0{£_~^)) as ^ ^ oo. 
Hence, 

v{o = m + p\o = \d{d-2)r' + oir') as 

as claimed. The behavior of the 0{-) term follows from the fact that the 0{-) in 
Lemma 12.21 are of symbol type. □ 
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From p.9|) . /±(-, A) are solutions of the Volterra integral equations 

(2.13) Uit A) = + A) drj 

and similarly for /_. For the convenience of the reader, we now recall how to solve 
Volterra integral equations in general. Thus, consider 

/>oo 

(*) f{x)^g{x)+ / K{x,s)f{s)ds, 



M f{x)=9{x)+ / K{x,s)f{s)ds, 

J a 

with some g{x) G L°° and a e R. As usual, one solves them by an iteration 
procedure which requires finding a suitable convergent majorant for the resulting 
series expansion. 

Lemma 2.4. Let a G M and g(x) E L°°{a,oo). Let 



A* 



/•OO 

/ sup \K{x, s)\ ds < OO 

Ja a<x<s 



Then there exists a unique solution to (*) given by 
(2.14) f{x)^g{x) + Y, / ... / n 

}K{xi^l,Xi) g{xn) dxn ■ ■ ■ dxi. 

with Xq := X. Furthermore, one has the bound 

||/||L°°(a,oo) < e'^\\g\\L=°{a,oo), 

and an analogue statement holds for (**). 

Proof. We only prove the lemma for (*) since the proof for {**) is almost identi- 
cal. The idea is simply to show that the infinite Volterra iteration (|2.14p for {*) 
converges. To this end, define 



Kois) := sup \K{x, s)\ 

a<x<s 



Then 



/OQ poo 
■•• / Y\x[x,-i<xi]K{xi-i,Xi) g{x„)dxn ■ ■ - dx-i 

/•OO pOQ ^ 

- / •■■/ Yix[xi-^<x,]KoM\9{Xn)\dXn--.dXi 
Ja Ja -^-^ 

n- Ja Ja 

1 / f°° \" 

= ^ll5lU-(a,oo)(^ / Ko{s)dsj 



Hence, the series in (|2.14l) converges absolutely and uniformly in a; > a with the 
uniform upper bound 



OO ^ 



n 

n=0 
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as claimed. 



□ 



It is now clear that (|2.13p admits a solution for every A ^ 0. At A = 0, we need 
to replace (|2.13p with 

{v-OV{v).f+{v,0)dv 

If d 7^ 2, then this integral equation has no meaning due to the t]~'^ decay of V{ri), 
see (I2.12p . Moreover, the zero energy solutions of Hu = are given by 



(2.15) 



see p.ip and (12. 4p . Since no linear combination of these functions can be made 
asymptotically constant when d 7^ 2, it follows that (|2.9p itself has no meaning at 
A = 0. Note, however, that for d = 2 

is asymptotically constant at a conical end as ^ — > cxd which is in agreement with 
the fact that for d = 2 the potential V decays like an inverse cubic. 

In view of this discussion, we have reduced the decay estimates for the Schrodinger 
equation to the following oscillatory integral bounds: 

7+(e,A)/_(C',A)" 



(2.16) 



sup r 2 (^)r 2 (^') 



+ sup r 2 (^)r 2 (^') 



e'*^ Aim 



e**^ Aim 



T4^(A) 
/+(e',A)/-(C,A) 



dX 



W{X) 



dX 



For the wave-equation, the reduction takes the form 



itX 



(2.17) 



<t-'''^ j{W{v)\ + \m\)dri 
uniformly in ^. 



Aim 



Aim 



/+(e,A)/_(C',A) 
W{X) 
/+(^',A)/-(C,A) 



I^(A) 



dX(j){Od(,' 
dX<j){C)dC 



3. The scattering theory for rf = 1, n = 

The goal of this section is to obtain a sufhciently accurate representation of 
/±('iA) in (|2.16p and (|2.17p . We remark that using (|2.2p . one obtains two lu inde- 
pendent harmonic functions on A4: 

(3.1) 2/o(0 = l, yi(0= [^r-\ade 

Jo 

At a conical end, yi{£,) — \/21og^ + 0(1), cf. Lemma [2.21 The related functions 
Wo = r2 and ui — r^yi from (|2.15p are zero-energy solutions of 7i, see (|2.6p 
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and (12. 7|) . Their asymptotics are as follows (assuming throughout that M. is conical 
at the ends): 

Lemma 3.1. As S, oo, 



^^'^^ niiO = (l - "f + 0{r')) ( loge + C2 + OiC')) ■ 

Here C2 is some constant and the O-terms behave like symbols under differentiation 
in ^. 



Proof. The expressions for uq are an immediate consequence of Lemma l2.2l Simply 
compute 



r-i(77)rf77= / V2{r,)-\l + c^{ri)-^ +0{{ii)-^))di^ 
Jo 

= V2{\og^ + C2) + 0{C^) asC^oo. 



Thus, 



Jo 

= 2^1'^!^ - ^ + ^(^"')) + ^2 + 0(r ^)) as ^ ^ oo. 

To symbol character of the O(-) terms here follows from the fact that it was assumed 
in Definition 11.11 □ 

We now perturb the zero energy solutions relative to the energy. For small 
energies and in the region |^A| <C 1, this produces a useful approximation to the 
exact solutions. 

Lemma 3.2. For any A G M, define 

(3.3) Uj(C,A) :=Mj(0 + A^ /" [ui{£_)uQ{r]) ~ ui{r])uoiO]uj{v, drj 

Jo 

where j — 0, 1. Then T-Luj{-, A) = \^Uj{-, A) with Uj(-, 0) — Uj(-), for j — 0,1 and 

(3.4) Ty(Mo(-,A),7/i(.,A)) = 1 
for all A. 

Proof. First, one checks that W{uo,ui) = 1. This yields Huj{-,X) = A^Uj(-,A) 
since Tiuj = for j = 0,1. Second, Uj{Q,X) ~ Uj{0) and m^(0. A) = Uj(0) for 
j==0,l. Hence T^(mo(-,A),ui(-,A)) =ui(0)Mo(0) -ui(0)u;,(0) = 1. □ 

As an immediate corollary we have the following statement. 

Corollary 3.3. There exist a+(A), a_(A), fo+(A) and 6- (A) such that with f±{-, A) 
as in l\2.9\i . one has for any X =/= 

/+(^,A) = a+(A)uo(^,A) + 6+(A)ui(^,A) 

^ ■ ' /_(e,A)-a_(A)^.o(e,A)+5_(A)iii(e,A). 

Furthermore a±{X) — W{f±{-, X),ui{-, X)), b±{X) ^ —W{f±{-, X),uq{-, X)), and 

(3.6) W{X) := W{f.{; A), /+(•, A)) = a_(A)6+(A) - a+(A)6_(A). 
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Moreover, if M. is symmetric, then a_(A) = a+(A) and 6- (A) = —6+ (A). 

Proof. The Wronskian relations for a±, b± follow immediately from p.4p . The 
formula for W{X) also follows by plugging (|3.5p into (|3.6p . In the symmetric case, 
i.e., assuming r(.x) = r(—x) one also has r(^) = r(— ^). In particular, this implies 
that /_(— ^, A) — f+{S,,X) and uo(— = wo(^) as well as C) = — itiCC)- Thus, 

a_(A) = I^(/„(-,A),ui(-,A)) = -iy(/_(-,A),«i(-,A)) 

= iy(/+(-,A),^.i(.,A)) -a+(A) 

5_(A) = -M/(/_(-,A),uo(-,A)) = Ty(/_(-,A),^.o(-,A)) 

= iy(/+(-,A),^.o(-,A)) = -6+(A) 

as claimed. □ 



3.1. The analysis of /+(•, A) at a conical end, d= I. By Corollary 12.31 

(3.7) V{0 = -^ + ViiO. e->oo 

where \Vi{^)\ < \(\-^. Moreover, \vl''\c)\ < ICr^"'' for ( > I. 
Lemma 3.4. Let 



^0 ■= -^1 - 

For any A > the problem 



Wo/o(-,A)-A2/o(-,A), 

/o(e,A)^e'«^ as e->oo 
/las a unique solution on ^ > 0. is given by 



(3.8) /o(e,A) 



77ere Hq^\z) = Jo{z) + ilo(z) is the Hankel function of order zero. 

Proof. It is well-known, see Abramowitz-Stegun[T], that the ordinary differential 
equation 

"'"(^) + (a' + ^) Wiz)=0 
has a fundamental system of solutions ^/z Jq(Xz), ^/zYa(Xz) or cquivalently, 

Vii?r'(Az), V^.Ht\Xz). 
Recall the asymptotic relations 



(x) - \ —e"^'"''' asx^+oo 



Ht\x)^J—e-^^^ 



TTX 

~ " as a; 

TTX 



Thus, (|3.8p is the unique solution so that 

/o(e,A)~e^«\ 

as claimed. □ 
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Having these tools at our disposal, we proceed with our investigation of the Jost 
solutions. To this end, instead of the Volterra equation p.l3p we will work with 
the following representation of the solutions of 



Lemma 3.5. For any ^ > 0, A > 0, 

Go(^,77;A)yi(77)/+(??,A)d77 

with Vi as in <\3.7l, fo as in l\3.8\i and 



(3.10) Go(e,'7;A) = [/o(e,A)/o(?7,A))-/o(C,A)/o(?7,A)](2zA)-i. 
For any small A > and 1 < ^ < A^^, 

(3.11) |Go(^, 77; A)| < log A|\[5<,<,-i] + (e/A)^ I log A|x[,>A-i] 

Proof. Simply observe that Go is the Green's function of our problem relative to 
Ho- Indeed, 

Go(C,C; A) = 0, 

9cGo(C,77; A)|^=^ = 1, 

7^oGo(-,77; A) = A2Go(-,?7;A). 



Here we have used that W{fo{-, A), /o(-. A)) = —2iX which can be seen by computing 
the Wronskian at ^ = 00. In conclusion, 



o(e,A)+ / Go(C,r?;A)Fi(r;)/+(,7,A)dr; 



^i(0/+(e,A) 



7io/+(e,A)-A2 
or equivalently, 

Finally, observe that for ^ > A^^ fixed, 

sup|Go(C,77;A)| < A-i. 

By the Volterra iteration discussed above, this implies that |/+('^, A) — /o(C; A)| < 
A^^^~^. In particular, 

/+(^,A)^e'^€ asC^«3 
For the estimate (j3.1ip . recall the asymptotic bomids 

(3.12) H^'^\x) = 1 + Om{x^) + -ilogx + i}i + iOuix^ logx) 

as a; ^ where >c is some real constant, see [T]. Moreover, \Hq^\x)\ < a;^^ for all 
a; > 1. Hence, 

\Go{^,vA)\<{(v)^\Ht\m\Ht\^v)\ 

<(^r7)^|log(AO|(|log(A77)|xM<i] 

which implies (|3.1ip . □ 

Estimating the oscillatory integrals will require understanding 9^9|/±(CiA), for 
0<k + £<2, W{X), W'{X) and thus a±(A), 6±(A), a'^{X) and ^^^(A). To obtain 
asymptotic expansions for all these functions, we need to know the asymptotic 
behavior of Uj(^), and thereafter that of 9^i9|uj(^, A), for j = 1, 2 and < fc+£ < 2. 
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To study the asymptotic behavior of the Uj{^, A), we use p.Sp . Setting hj{^, A) 
(^^"^ ' C > obtain the integral equations 

(3.13) /io(e,A) = 1 + — - / 







A2 K 



MO Jo 

from (|3.3p . The first iterates of p.l3p and p.l4p are controUed by the foUowing 
lemma. The O(-) terms appearing here will be differentiated later, for now we only 
control their size. 

Corollary 3.6. ^ —> oo, 

(3.15) ui(o r '^'^ - MO r ^i"o(^7) - W'^*^'^^ + logo 



(3.16) MOj^ uoUiirj)dT^-uo{0 ujir^) drj ^ ^2'/^e^Hog^ 

+ C3e^/' + 0(^hogC) 

where C3 e R is some constant. 

Proof. By the asymptotic expressions for wq and Ui, 

I' ulirj) dv = 2-1/2 ^% _ + 0((ry)-^)) dr? 



Uo{v)u,{rj) drj ^ (^1 - ^ + 0((r/)-2)^ (bgry + C2 + 0((77)"')) ^^7 

Thus, 

^ ^ 2-l/4^1/2(log^ + + 0(^-1 log^)) Q^2 ^ 

„ 2-1/4^1/2(1 + O(^-l)) ( 1^2 log^ + 1 (^,^ _ 1) ^2 ^ o(^logO 
= 2-1/4^1/2 



Next, compute 

ulirj)dr]^V2 / ?7(log% + 2c2 log?7 + 0((?7)-Mog??))(l + 0((r/)-i)) d?7 
Jo 

= V2 (^^e log' ^ + (2c2 - 1) ^% log ^ + 0(C log' j 

= ^/2 Qe' log' e + loge - ^^e' + o(e V 
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Thus, ([XTe]) equals 

- 2V4^v2(i + oic')) (^le log^ e + ^^e^ log^ - ^-^e + o{i \oe o) 

-ie^Ve-^e^ioge + ^e^} 

which finally reduces to 

2^/^ V? Qc^ logC + 2-^/ + o(C logo) 

as claimed. □ 

Thus a Volterra iteration and the preceding yields the following result for the 
Mj(OA)'s. The importance of Corollary 13.71 lies with the fact that we do not lose 
log^ factors in the 0(-)-terms as such factors would destroy the dispersive estimate. 
It is easy to see that carrying out the Volterra iteration crudely, by putting absolute 
values inside the integrals, leads to such log^ losses. Therefore, we actually need 
to compute the Volterra iterates in (|2.14p explicitly (for the version (**)) . 

Corollary 3.7. In the range 1 <C ^ < j = 0, 1, 

(3.17) w,(0A)-zi,(0(l + O((eA)')) 
55^,(0 A) = ^(0(l + 0((eA)2)) 

(3.18) 9^^.0(0 A) = U-'l'\{e'^ + 0(^3/2 iogO)(l + Omf)) 

5a"i(0 A) = i2i/4A(e^/2 logC + c3e'/2 + 0{e''' logO)(l + omf)) 

(3.19) d%u,{^, A) h-'/^x{e'^ + o{e'^ iogO)(i + omf)) 

+ C3^3/2 + O(e'/2log0)(l + O((CA)2)) 

//lei < 1,, then \u,{(„X)\ < 1, \dxu,{i,\)\ + \dl^u,{^,\)\ < A for j = 0,1. 

Proof. We sketch the proof of this somewhat computational lemma, for the function 
ui(0 A) since the argument for mo(0 A) is completely analogous and in fact easier. 
The proof of the first equality in p.l7p is based on the Volterra integral equation 

(EH 

(3.20) /.,(0A) = 1 + A2 f^ u,(0.o(^).^i(^)-..o(O^K^) j,^(^^;,)^^ 

Jo "i(0 
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and its derivatives in both ^ and A and the Volterra iteration, for which we also 
need to use Corollary 13. 61 The iteration will produce a solution which is given by 



hi{^,X) = l + Y,X'" / .../ 

n=l "'0 "'0 "'O 
Wl(^n-l)uo($n)wi(Cn) " "0 (^n- 1 ) (C« ) 



MO 



Ul(Cn-l) 



l + A^ 



A 



ui{OM^i)ui{^i) - "o(6"?(6) ui(Ci)"o(6)"i(6) - mo(Ci)m?(6) 



JO ^^l(?) 

Therefore, (|3.16p and the equalities 



i(c) = 2V4^V2 (1 - ^ + o(r^)) (loge + C2 + o{r')) 



yield 



hiiO A) =1 + ^ (^21/4^5/2 loge + c3e^/2 + 0{^i logo 

+ A^( / «o(6)f72'^'ei^'log6 + C3?i/' + 0(Cf logCi) 



"i(ei)[j2n,^/^iog6 + c3cr + o(ef iog6)] rfa} 

= i+o(A2a, 



since we are assuming that 1 <C ^ ^ A^^. The point to notice here is that terms 
involving ^"^ log^ (the leading orders) after the integration cancel. Furthermore, we 
obtain the usual nl gain from the Volterra iteration, see Lemma [2^ from repeated 
integration of powers rather than from symmetry considerations. Hence mi(^. A) = 
'^i(C)(l + 0(A^^^)) in that range. To deal with the derivatives, it is more convenient 
to directly differentiate the integral equation (|3.3p for ui(OA) with respect to ^ 
and/or A, which yields, respectively. 



(3.21) d^ui{i,X) = d^uiiO + ^ / [d^ui{OMn)~Mv)diUomMv,X)drj 

Jo 

(3.22) dxUi{i,X)^2X I [ui(OMo(?7)-?^i(r?)Ho(0]"i('7,A)dr/ 

Jo 

+ A^ / [ui(0"o(?7) - Mi(»7)'"o(?)]9AUi(r/, A)(ir/, 
Jo 



DECAY FOR THE WAVE AND SCHRODINGER EVOLUTIONS: PART I 



15 



as well as 



v2 



(3.23) + X' / [d^ui{C)uo{n) - ui{rj)d^uomdxUi{rh A)dr,. 

In dealing with (|3.2ip . we simply plug in the information from the first equality of 
p.iyp and calculate the resulting integral. For p.22p . we observe that by (|3.16p 
the term ^ 

2A / [ui{Quoir]) ~ ui{r])uo{0]uiir],\)dr] 
Jo 

is equal to A(i2i/4^5/2 log^ + 203^^/^ _^ 0(^3/2 \og^)). Therefore to solve (IS?^ . 
one needs to run the Volterra iteration with this expression as the first iterate. The 
treatment of (|3.23p is similar to that of (|3.22p and we skip the details. The case of 
|<^| ;< 1 is left to the reader. □ 

We now turn to /±(^, A) as well as a±, 6±(A). 
Lemma 3.8. // A > is small, and \ logAp < C ^ ; then 

/+(e,A)-/o(e,A) + o(r'/'A^-^) 

with e > arbitrary. 
Proof. Let 

m{x) ^/a; I log x| X[o<x<i] + X[x>i] 
Then, in view of the asymptotic behavior of -ffg^'' , 

l/o(e,A)| <m(^A) 

and thus also 

|Go(e,r7;A)| < A-im(eA)m(r;A) 

We claim that also 

(3.24) l/+(e,A)| <™(CA) 

With g{x; A) := /+(^, A)/m(^A), we obtain the integral inequality 



5(C,A)<C + C X-'\V,{v)\m{ijXfg{r,,\)drj 
for some absolute constant C. Since by our assumption on ^, 

X-^f]-^m{'qXf dr] < r'^\\ogX\^ + X < 1, 
the claim follows from Lemma We observed above that, see (|3.1ip . 

|Go(C,'7;A)| < v^|logApXK<7,<A-i] + y||logA|x[r,>A-i] 
Thus integrating and taking 1 <C f ^ A^^ into account, we obtain from (I3.24p that 

Go{^,V; miiv) f+{vA)dv < Ve^l logAp rr' I log A|dr, 

+ J^^\[^\logX\r,-^dv< r'^'X^--, 



16 WILHELM SCHLAG, AVY SOFFER, AND WOLFGANG STAUBACH 

as claimed. □ 

We can now state our asymptotic expansion of a+ and 6+. In what follows, O(-) 
terms are complex-valued unless stated to the contrary (which will be denoted by 
Or(-))- 

Lemma 3.9. With e > arbitrary, small, and fixed, 

a+(A) = 2i/4coVA(l + ici log A + 103) + 0{X^-') 
(3-25) , ^ 

b+{X) = i2-i/4coCi\/A + 0(Ai-^), 

2 



as A — > 0+, where Cq = vF^** ' ~ 7' '^^'^ ''3 some real constant. 

Proof. By Corollary[S3]we have a+(A) = A)wi(C, A) - /^(C, A)ui(C, A). Hence 
Lemma [3^ and Corollary 13. 71 applied to ^ = A^^/^ yield, 



c, 



'2'/W = VA!ifo(eA)ir'/'(ioge + C2 + 2) 

= VxHom - v/^A y v^(ioge + + o{x'-') 

= VX{l + ici \og{^X) + i>c - ici log^ - iciC2) + 0(A^"=) 
^ VX{l + ici \ogX + ic3) + 0{X^-'), 
as claimed. Note that C3 = >c — ciC2. Similarly, 

-c^'2h+ = V^H,{^X)^r'^^-e^^ (^C'^^VXHoiXO + V^H[,{^X)X 



+ 0{X'-') 



= -e\/A ^ A + 0(Ai-^) = -iciVA + 0(Ai-^), 
CA 

and the lemma follows. □ 

Using the expressions for a+ and above, we obtain the following 
Corollary 3.10. Let X > be small. Then 

(3.26) /+(e, A) = co^/W) (1 + log(A(e)) + ic^ + 0(A^-^) + Om'' log(e») 

for < ^ < A^^ , whereas for — A^^ < ^ < 0, 
(3.27) 

/+(^, A) = Co /MO (1 + *ci log(A(e>-i) + ic, + OiXi-^ + OiiO-' log(O)) 
Here ci is as above and £4,05 are real constants. 

Proof. This follows by inserting our asymptotic expansions for a+ ( A) , b^(X), uq{^, X), 
and ^1(0 A) into (I33|). □ 

We also need some information about certain partial derivatives of /+(0 A). This 
is provided by 
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Lemma 3.11. For A > small and \ log < ^ <C A^^ we have 

dxf+it A) = dxM^, A) + o(r'/'A-^-^) 

dlxf+{^, A) = dlJoi^, A) + 0(r'/'A-^--) 
with £ > arbitrary. 

Proof. This follows by taking derivatives in Lemma 13.81 □ 



To be able to carry out the analysis, one also needs to understand the derivative 
of the Wronskian. To that end we have 

Corollary 3.12. Then, with e > arbitrary but fixed, 

a;(A) = i2i/4coA-i/2(l + ic3 + 2ici + ici log A) + ©(A"") 

(3.28) ^ 

6'+(A) = ^2-i/4cociA-i/2 + 0(A-^) 

as A ^ 0+. 

Proof. In view of the preceding, 

aV(A) = W{dxf+,ui) + Wif+,dxui) 

= Widxfo, ui) + W{fo,dxui) + 0(A-^) 

(3.29) = dx[coV^Ho{XO] Qr'/'(loge + c,) + T^/') 2^/^ 

~ dUcoV^H,{\0]e/H\og^ + C2) • 2i/4 

+ CO VA^i?o(AO • 5 • 2i/^A loge + + C3) 

- coa.[v/Aei/o(AO]^2V4A(e5/2 loge + c^e^') + 0(A--). 

Evaluating at ^ = A^^/^, one obtains that the third and fourth terms in p.29p are 
0(A2^'^)j and thus error terms. Thus, 



-'^%'a'4X) = Qa-i/2(i + log(AO + i^) + zciA-i/2^ Q(c2 + log^ + 1 

- Qa-i/2(1 + ici log(AO + + iciA-i/2^ (log^ + C2) + 0{X-') 



iA-i/2(l + ici log(AO + zx) + iciA-i/2 



which further simplifies to 



^A-i/2(loge + c2) + 0(A-) 
iA"^/^(l + ici log A + + 2ici - zciC2) + 0(A"^) 
^A-i/2(i + 2ici + ici log A) + 0(A-^). 
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Similarly, 

2-V4c-i6V(A) 



1 








^ 2 

























as claimed. □ 

Remark 3.13. Recall that this analysis was carried out assuming that M is conical 
on the right. If Ai is conical on the left, then the same analysis applies. In fact, 
if A4 is symmetric, i.e., r(x) = r(— x), then by Corollary 13.31 0- (A) = a+(A) and 
&_(A) = — &+(A). If it is not symmetric but still conical at both ends, then these 
relations still hold for the asymptotic expansions, i.e., 

a_ (A) ^ 2i/4co\/A(l + ici log A + ic^) + OiX^-^) 

fe_(A) -i2-^/^coCiVX + OiX^-"), 

as A ^ 0+ where cq etc. are as in Lemma 13.91 The same of course applies to a'_ 
and 

We end the perturbative analysis with a description of the oscillatory behavior 
of/+(e,A) for Ae>l. 

Lemma 3.14. Let m+(^. A) := e~'^^/-|_(^, A). Then, provided X > is small and 

Ae> 1, 

(3.30) |m+(C,A)-l|<(AO-^ 

\dxm+{^,X)\<X-^r' 
Proof. From dSj]), and with mo{£_, A) = e-*^«/o(C, A), 

Go(e,?7;A)Fi(77)m+(77,A)d77 

where 



foor,^ n ic ^^ ™o(C, A)mo(77, A) - e-^'(^-'')^mo(e, A)mo(??, A) 
[6.61] Lrol?, ^) — ~^2iX 

Now, by asymptotic properties of the Hankel functions, 

mo(e,A)-l + 0((eA)-i) 

where the O-term behaves like a symbolQ Inserting this bound into p.32p yields 

|Go(e,r/;A)| <ry 

provided ?? > ^ > A"^ Thus, from (P3T|) . 

|m+(e,A)-mo(e,A)|<r' 

and thus, for all ^A > 1, 

|m+(e,A)-l|<(eA)-i 



lln fact, moK, A) = 1 + Om((€A)-2) + iOt,{{£,\)-^). 
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as claimed. 

Next, one checks that for 77 > ^ > A^^, 
Thus, for all A^ > 1, 

\d^G„{^,rj;X)\f^-UTj + r^-'\d^m+{f^X)\dv 
<X-'r' + A-^r' + r V-'\dxm+iT^, A)| dry < A-i(AO~\ 



as claimed. □ 

3.2. The Wronksian W{X) for conical ends, d = l,n = 0. In view of our 
asymptotic analysis of a± and b± and an explicit expression for the Wronskian 
W{X) in terms of these functions, see Corollary 13. 3[ we now derive the following 
important fact. 

Corollary 3.15. As X 0+, 

W{X) = 2A ^1 + ic3 + i log A^ + OiX^'") 

ly'(A) = 2 ( l + ^c3 + ^-+^-logA) +0(A^-'^) 

y TT TT J 

with e > arbitrary. 

Proof. Follows immediately from 

W(X) = (a-b+ - a+b-){X) 
and JSSSl), (11211) ■ See Remark EH □ 



4. The oscillatory integral estimates for d — l,n = 



We now commence with proving the main oscillatory integral estimate (|2.16p 
and (|2.17p for small energies. Thus, let x be a smooth cut-off function to small 
energies, i.e., x(A) — 1 for small |A| and x vanishes outside a small interval around 
zero. In addition, we introduce the smooth cut-off functions X[|5a|<i] and X[|5a|>i] 
which form a partition of unity adapted to these intervals. 



Lemma 4.1. For all t > 



(4.1) 
(4.2) 



sup 



Im 



sup 



where x(A;C,C') 



xWxm\<i,\ex\<i]- 



/+(c,A)^(^^A) 

WiX) 

/+(g,A)/_(e',A) 

WiX) 



dX 



dX 



Proof. We shall first assume for simplicity that A4 is symmetric, i.e., r{x) — r(—x). 
The general case will be discussed at the end of the proof. We first observe the 
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following: 

7+(^,A)/_(r,A)" 



Im 



Im 



W{X) 

(a+(A)»o(^, A) + b+(A)»i(g, A))(a+(A)uo(C^ A) - b+(A)ul(g^ A)) 

-2a+6+(A) 



= -frn [^Wj A)iio(e', A) + -Im (^-i(A) ) X)m{^' , A) 
Further, by (|3.25p . with e > arbitrary but fixed, 



2V2 

Ok (A 



Re 



1 + ici log X + ic3 + 0(A 2 -'^) 
1 + 0(A^-^) 



2\/2 



and by Corollary 13. 12[ the O-term can be formally differentiated, i.e. 



dX 



77 -olm T^W 



Or(A-2"^'). 



Similarly, 



-Im 



a+ 



-(A) 



V2 1 

TT 1 + (C3 + Cl log A)2 



Or(A3 



which can again be formally differentiated. 

By the estimates of Corollary 13.71 proyided |^A| + |^'A| < 1, 



<Ayw)((o' + (er)- 

Similarly, 

\u,i^, X)u,{e, A)| < ^(IkIO log(2 + (0) log(2 + iO) 

\d4ni{^, A)«i(r , A)]| < x^/{oW)m' + (er ) iog(2 + (o) iog(2 + (e')) 



Passing absolute yalues inside (|4.ip and (|4.2p shows that these expressions are 
dominated by 



(4.3) 



x(?, mo ior'^'i^ ( ^(A)) uoic, x)uoie, a) 



dX 



xioe; A)((e)(e'))"'/'ini —(a) u,{t x)u,ie, a) 



dA 



which is bounded by an absolute constant. To obtain decay in t, we integrate by 
parts. Integrating by parts in (j4.ip yields that it is dominated by 



(4.4) 





dx' 


Jq 





xiOe-, Xm){0)-'^'ln, (^(A) j uo{^, X)uo{C, X) 



dX 



dx 



x(C,e';A)((e)(Or'/'lm(^(A))j.i(e,A)ui(C',A) 



dX 
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Using the bounds we derived above these expressions can be seen to be ^ and 
()4.ip holds. For ()4.2|) we write e**'^ — {it)^^d\e^*^ and integrate by parts; this yields 
that the left-hand side of (|4.2p is dominated by the exact same terms as in (I4.4p 
(in fact, with an extra A). 

If A4 is not symmetric, then the asymptotics of the previous section allow for the 
following conclusion (in very much the same way as in the symmetric case): 

7+(e,A)/„(e',A)" 



Im 



W{X) 



- (7o + OR(A^-^))Mo(e,A)7/o(e',A) 



+ 



71 



+ OE(A^-^))7/i(e,A)ui(e',A) 



1 + (C3 + Ci logA)2 

+ Or(A^-^)(ko(C, \)ui{e, A) + ui{^, X)uo{e, A)) 

where 70, 71 are nonzero real constants (in fact, the same as in the symmetric case). 
With this representation in hand, the oscillatory integrals are estimated exactly as 
in the symmetric case. □ 

Next, we consider the case |^A| > 1 and |^'A| > 1. With the convention that 
/±(^,— A) = /±(^, A) we can remove the imaginary part in (|2.16p and integrate 
A over the whole axis. We shall follow this convention hence forth. To estimate 
the oscillatory integrals, we shall repeatedly use the following version of stationary 
phase, see Lemma 2 in [18] for the proof. 



Lemma 4.2. Let 0(0) = 0'(O) = and 1 < (f>" < C. Then 



(4.5) 



e'*^(^)a(a;)da; 



<5^ 



\aix)\ 



52 



dx 



\a'ix)\ 



dx 



\x\>S 



where S = t ^1'^ . 

Using Lemma l4?2] we can prove the following: 
Lemma 4.3. With x(A;^,^') = x(A)x[|{a|>i,|C'A|>i] 

(4.6) 



sup 

?>o>C' 



(4.7) sup 

?>o>?' 



e^*^^Ax(A;C,^')((0(e'))-^/^^^^^^^^^^rfA 
s±^*^Ax(A;C,C')((0(O)-^/^^^^^^41fe^rfA 



<t--- 



for all t>0. 

Proof. Writing /+(C, A) = e'«^TO+(e, A), /^(C, A) 
we express (|4.6p in the form 



I^(A) 

'^^TO_ (^, A) as in Lemma [3.141 



(4.8) 



e**'^(^)a(A) dX 



<t-' 



where ^ > > ^' are fixed, 0(A) := A^ + |(^ - C), and 



Let Aq 
(4.9) 



a(A) = Ax(A)x[|cA|>i,|eA|>i]((0(O)"'/ 

' ^^t~ ■ have the bounds 

a(A)| <((0(n)^x(A)X[|CA|>i.|C'A|>i: 



i/2"h(C,A)to_(^', A) 



W{X) 
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By Corollarv l3.151 for small 



A 



< 1 



|A|(log|A|)2 



and by Lemma[3lia for |^A| > 1, |,^'A| > 1, 

|9A[m+(e, A)m_(e', A)]| < + 

Hence, 

(4.10) |a'(A)| < ((0(O)-'/MA)X[|ca|>i,|C'A|>i] + ^"'(^^ + leT') 

We will need to consider three cases in order to prove (|4.8p via (|4.5p . depending on 
where Aq falls relative to the support of a. 

Case 1: I An I < 1. |Ao| > l^l"^ + leT'- 

Note that the second inequality here implies that 

^+l^'l>i±M or 1> ' 



t - m m' 

Furthermore, we remark that a = unless C Jc] 1 ^J^d |^'| > 1. 

Starting with the first integral on the right-hand side of (|4.5p we conclude from 
(gH) that 

pJ0L_.,<,(o(o,-"v/^<i. 

From the second integral we obtain from (|4.10|) that 

|A-Ao| J |A|(log|A|)^ 

\\-\o\>S 

A>c-i+iei-i 



Case 2: |Ao| < 1, |Ao| « + (O"'- 

Then |A — Ao| ^ |A| on the support of a, which implies that 

i lA-AoP + t-i''^-^^^^^^^^^ J A2-^e + iei^ ' 

A>c-i+iei-i 

and also 

.A 



|A-Ao| 

|A-Ao|>5 

A>j-i+iehi A>{-i+iei-i 



< 



< vM<i 
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Case 3: |Ao| » 1, |Ao| > + ICT 
In this case, |A — Ao| ^ \Xo\ >> 1- Thus, 

as weh as, see (|4.10p . 

|A-Ao|><5 

1 dx e + iri 



<1, 



and (|4.6p is proved. 

Integrating by parts shows that l|4.7p is dominated by 



(1 + it ± (e - ar' / (i«(a)i + ia'(A)i) dx < miorhi + \t±{^- ar' 



which is < t 2 and the lemma is proved. □ 
Now we turn to the estimate of the oscillatory integral for the case |^A| > 1 and 

\CM < 1- 

Lemma 4.4. Lei x(A; = X[|5A|>i,|eA|<i]X(A). Then 



(4.11) sup 

?>o>C' 

(4.12) sup 



m ior'^' e'^^^ ^^|^|y^ A(c, A)/_ ic, X) dx 



for all t > and similarly with X[|CA|<i,|^'A|>i] ■ 

Proof. As before, we write /+(^,A) — e^^^m+{^, X). But because of |^'A| < 1 we 
use the representation 

/_(C', A) = a_ (A)uo(e', A) + 6_(A)ui , A). 

In particular, 

\fAe,X)\<V\Xm\ log|A||. 
Moreover, from ((3?T8)) and ((3?28)) . 

iaA/-(e',A)i<(er/'|Ar^/'|iog|A|| 

provided |^'A| < 1. We apply (|43)) with 0(A) = A^ + |A and 

«(A) = ^((e>(e'»-'/'x[i?Ai>i,ieAi<i]™+(e,A)/-(e',A). 

By the preceding, 

(4.13) |a(A)| < \^xWxm\>iM'x\<i] 



and 

(4.14) |a'(A)| < (|A|(0)-^/'x(A)X[|CA|>i.|C'A|<i]. 

Case 1: |Ao| < 1, |$Ao| > 1. 
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Note in particular |^| > 1. Here Aq = By 



\„|2 , ^-1 - 



1*1 



|A- AoP + (-'"'■- ; |A-AoP + (-> 



c2 

Here we used that |^Ao| = 2t f^^- 
Next, write via (|4.14p 

(4-15) / rfA < (0-^ / |,|.| ' , | X[|,A|>i,|,>A|<il dX. 

J\\-\o\>s 1^ - J\\-\o\>s \X\ 2 |A - Aol 

Distinguish the cases jq\X\ > |A — Ao| and j^|A| < |A — Ao| in the integral on the 
right-hand side. This yields 



-A„|>^ |A-Ao|3/2 i|A|<|Ao| |A|l/2 



(0 



-1/2 



dX 

|A|>|A„| 



Case 2: |Ao| < 1, I^Aol < 1 

In that case, |A — Ao| ~ |A| on the support of a. Consequently, 
l«(A)| 



Moreover, 



K(A)| Mi)):idA<i. 



'|A-Ao|>5 |A - Aol ""^ifi-i |A| 
Case 3: |Ao| >> 1. 

In that case, |A — Ao| ~ |Ao| on supp(a). Since |a(A)| < 1 by (|4.13p . it follows 
that 

JASl. 



|A-Ao|2 + (-> 

Similarly, since \a' (A)| < (^|A|)"^, it follows that 



K(A)i r(|A|(0H^(,),,<,. 



'|A-Ao|>5 |A - Aol ^ J |Ao 

This proves (|iTT1) . 

To prove (j4.12p . we integrate by parts to obtain the upper bound 



(1 + |i ±eir^y'(KA)| + |a'(A)|)dA < (1 + |t ±^|)- 



and the lemma is proved. The other case X[|5a|<i,|5'A|>i] is treated in an analogous 
fashion. □ 
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The remaining cases for the small energy part of ()2.16|) are ^ > > |A|^^ and 
^' < ^ < — |A|^^. By symmetry it will suffice to treat the former case. As usual, 
we need to consider reflection and transmission coefficients, therefore we write 



(4.16) /_(e,A) - a_(A)/+(e,A) +/3_(A)/+(e,A). 

Then, with W{X) = A), /_ (•, A)), 



T^(A) =/3_(A)M/(/+(-,A),/+(.,A)) = -2zA/3_(A) 



and 



W{U; A), /+(•, A)) = a_{X)W iUi; A), /+(•, A)) 
= -2iAQ;_(A). 

Thus, when A > is small. 



(4.17) /3_(A) =i (^l + ic3 + i-logAj +0(|A|3-^) 

and 

a-(A) = -^W {a+{X)uo{; A) - 6+(A)ui(., A), aT(A)iio(-, A) + MA)wi(-, A)) 
^ (a+MA)+aT(A)&+(A)) 



-2i\ 



Re(a+6+(A)) 

Re (-i|copciA(l + ici log A + icg) + OiX^^") 



(4.18) 



i -logA + c3 +0(A^-^). 



In passing, we remark that 1 + = |/3-p. Finally, it follows from Corollarv l3.12l 
that the O-terms can be differentiated once in A; they then become 0(A" 5^^), £ > 
arbitrary. 



Lemma 4.5. For any t > 



(4.19) sup 

(4.20) sup 

?>C'>o 



e-*^'^X[«'A>i]/+(e,A)/-(e',A)dA 



W{X) 
+ ,tAAx(A) 



W{X) 

and similarly for sup^/^^^Q and X[\^\\>i]- 

Proof. Using (I4.16p . we reduce (I4.19P to two estimates: 



X[eA>i]/+(C,A)/-(e',A)dA 



(4.21) sup 

?>?'>o 

and 



(4.22) sup 

?>C'>o 



^^(^, A)m+(e', A)a_(A) dX 

w^(A) 

..A^^a(c-e')M^^P^ (^,A);Me:A)/3_(A)dA 
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We apply gSJ to (j42T|) with fixed ^ > ^' > and 
0(A) = A2 + ^(e + n, 

«(A) = ((e>(e'»"^^XK'|A|>i]«-(A)m+(e,A)m+(e',A). 
Then from glTHl), 

(4.23) HX)\<m{OrhWx[e\x\>i] 

and from our derivative bounds on W, a-, and m+(^, A), see p.30p for the latter, 
we conclude that 

(4.24) |a'(A)| < \X\-\{0{OrhWxw\x\>i]- 

This bound will suffice for the Schrodinger evolution. For the wave evolution, we 
also need an integrable estimate on |a'(A)|. It is 

l«'(A)| <|Ari((0(e'))-^x(A)xK'|A|>i](|logAr2 + |Aer') 
which one obtains by combining (|4.18|1 with our asymptotic bound for ^^^jj above. 
Case 1: Suppose |Ao| < 1 and |f Ao| > 1, where Aq = -^f- Note ^ > > 1. 
Then 

since I'^'AqI ^ ^ > 1. As for the derivative term in (|4.5|) . we infer from (|4.24p that 

(4.25) / ^ dx < mior^ I ^^xpe,>, 

Again, we need to distinguish between |A — Ao| > iIjIAqI and |A — Ao| < ]^|Ao|. 
Thus, since > i, 

(ii23<((0(n)-^/^°J,^ + ((0(r>)-'/'iAorMog(ti/2|Aoi) 

since also > t. 

Case 2: |Ao| < 1, |Ao| « ^. 

Then |A — Ao| ^ |A| on the support of a(A). Hence, 

I A - AoP + i-i - ^^^^^^ >> A/^, x^^^ io 

and 

K(A)I ^.,.w.n^-i r '^A^^_ 



/ A^ 

J\X-\o\>S \^ - Xo\ Ji/^' X 

Case 3: |Ao| » 1, |Ao| > jr- 

Then |A — Ao| ^ |Ao| on supp(a). Therefore, |a(A)| < 1 implies that 

|A-Ao|2 + t-i - 
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and 



l«'(A)| 



|A-Ao|>5 



A- A, 



This concludes the proof of (|4.21[) . (|4.22p is completely analogous and (|4.19p follows. 
As usual, integration by parts proves that (j4.20|l is dominated by 

(1 + ii ± ± ar' J (ia(A)i + ia'(A)i) dx < miorH^ + \t±{^± ar' 

which is ^ t^^ ■ 

Finally, the case of ^' < ^ < 0, |^A| > 1 follows from the case considered in this 
proof by a reflection around ^ = 0. □ 

We are done with the contributions of small A to the oscillatory integral (|2.16[) 
and (|2.17p . To conclude the proof of (|1.5p for d = 1 it suffices to prove the following 
statement. The wave equation will be treated separately, see Lemma 14.71 



Lemma 4.6. For all t > 0, 



(4.26) 



sup 



°°^.A^Aa^;X)(A)/^(e,A)/_(e',A)dA 



W{X) 



< r 



Proof. We observed above, see (|4lB . that W{X) = -2iXP^{X). Since |/3-(A)| > 1, 
this implies that |VK(A)| > 2|A|. In particular, VF(A) 7^ for every A 7^ 0. In order 
to prove (|4.26p . we will need to distinguish the cases ^>0>^',^>^'>0, and 
> ^ > By symmetry, it will suffice to consider the first two. 

Case 1: ^ > > f. 

In this case we need to prove that 
(4.27) 



sup 

«>o>C' 



^*[^^+^^l^^\^-+(e,A)™_(e',A)rfA 



< r 



Apply ((i3)l with 0(A) = A^ + ^^A and 



a(A) = {{0{e))-^^%y^m+{^,X)m_{e,X). 



W{X) 



LzlL 

2t ■ 



Hence, with Aq 



\ 



l«(A)| 



|A-Ao|2 + r 



■dX 



|A-Ao|><5 



l«'(A)| 

lA-Aol 



dX 



= :t-\A + B). 

If |Ao| < 1, then 

A < \\a\\oo < 1. 
On the other hand, if |Ao| > 1, then ^ + |^'| > t so that 



A<t-^\\a\\o.<tH{0{Or 



2 < 



t 



< 1. 
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Here we used that 

sup sup |»Ti±(^,A)| < 1 

« |A|>i 

which follows from the fact that 



(4.28) 



m+(^,A) = 1 + 



1 _ g-2i(|-e)A 
2i\ 



V{0m+{1 X)di 



with V{£, — 0{{£,) ^). Moreover, from our assumptions on r{x) we recall that 



< 



We shall need these bounds to estimate B above. From (|4.28p . for ^ > 

m+(e,A)-l + O(A-i(0-') 

as well as for ^ > 

(4.29) 9^m+(^,A) = O(A-i(0-i-^), j = l,2 



(4.30) 



9Am+(e,A)=0(A-2(^)-i) 



(4.31) 9A5em+(e,A) = O(A-2(0-2) 

To verify (|4.29p . one checks that 



(4.32) 



5«™+(e, ^) = ^ / [1 - e^'(«-«)^]^'(|)m+(f, A) 



1 
2iX 



[l_e2^(«-«>]y(e)a.m+(C,A)de 



By our estimates on V, the integral on the right-hand side of (|4.32p is 0{\ ^{^) ^) 
and (I4.29|l follows for j = I. For j ^ 2 note that 



1 



a|m+(e, A) = — / [1 - V^"(a™+(l, A) d| 

[l_e2^(«-«>] r(Oa^~m+(|,A)d| 

O 



2iX 

^ /'OO 

1 

2a 



which again implies the desired bound. For (I4.30|) we compute 



2zA2 



-y(e)m+(e,A)de 



1 



2iA2 



(C-e)T/(0™+(e,A) 



1 _ e2*(?-«)^ 

2a 



y(OaAm+(|,A)d| 



so that 
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as claimed. Finally, compute 

1 
A 



1 1"^ 

5|,m+(C, A) = - / e^^^^-^^^V{i)m+{l A) 4 



^ rV^(0™+(C, A) + -i- / e2^(«-«)^9,[(^ - l)Vm+{l A)] d| 



+ ^y^ e2^(«-«)^a^~[^^(e>+(C,A)]de 

Integrating by parts in the first and third terms, and using the previous bounds, 
yields the desired estimate. As a corollary, we obtain (take C = 0) 

W^(A) = M/(/+(-,A),/_(-,A)) 

= m+{i, A) [m'_ (e. A) - zAm_ (C, A)] - m_ (C, A) [m^ (C, A) + i\m+ (C, A)] 
= -2iA(l + 0{\-^)) + O(A-i) = -2iX + 0(1) 

with derivatives W'{\) = -2i + 0(A"^) as |A| -> oo. 

Next, we estimate B. First, we conclude from our bounds on W{X) and m+(^. A) 
as well as r7i_(^'. A) that 

i«'(A)i<((e)(or^x[iAi>i]iA|-^ 

Let us first consider the case where |Ao| > 1. Then 



°° dA 1 /■ d\ 



< 1 



t 



(0(e'> iAoiti/ 



1 A3 |Ao|2 |A- Aol 

ijyjlog+(Aoti/2)<l 



Here we used that j^^jj^ ^ 1 which follows from |Ao| > 1. If |Ao| <C 1, then 
|A — AqI ^ |A| on the support of a; thus B < 1 trivially. This finishes the case 

C>o>r. 

Case 2: To deal with the case ^ > ^' > 0, wc use (|4.16p . Thus, 



/_(e',A)=a_(A)/+(r,A)+/3_(A)/+(e',A) 

where 



VK(/_(.,A),/+(.,A)) 
a_(A) = 



/3-(A) = 



-2iA 

I^(/+(-,A),/_(.,A)) _ W{X) 



-2iA -2zA 
From our large A asymptotics of W{X) we deduce that 

(4.33) /3_(A) = l + 0(A-i), (3'_iX) ^0{\-^). 
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For a_(A) we calculate, again at ^ = 0, 



W{f.{; A), /+(•, A)) = m_(^, A)(mV(^, A) - 2zA™+(e, A)) 

- m+(e, \){m'_ (e, A) - 2*Am_(e, A)) 
= m- {£,, A)m^ A) - m_ A)to+ A) 
= 0(A-i) 

so that 

(4.34) a_(A) = 0(A-2), a'_ (A) = 0(A-3). 

Thus, we are left with proving the two bounds 



(4.35) sup 

(4.36) sup 



itx^ »A(£+£') -^(l -X(A)) .,^ ?T^+(g,A)TO+(g^A) 



dA 



tA^ ^»A(£~£') ^(1 -X(A)) ^_ m+(C, A)m+(f , A) 



for any t > 0. This, however, follows by means of the exact same arguments which 
we use to prove (|4.27p . Note that in ()4.35p the critical point of the phase is 



Ao = - 



2t 



whereas in (I4.36P it is Ao = In either case it follows from |Ao| > 1 that ^ ^t. 

Hence we can indeed argue as in Case 1. This finishes the proof of the lemma, and 
thus also of Theorem 11.21 □ 



Now for the wave case. We will tacitly use some elements of the previous proof. 
Lemma 4.7. For all t > 0, 

(4.37) <t-i I {\cb{a + wia\)de. 

with a constant that does not depend on f . 

Proof. In order to prove (|4.37p . we will need to distinguish the cases ^ > > 
^ > ^' > 0, and > ^ > By symmetry, it will suffice to consider the first two. 

Case 1: f > > f. 

Integrating by parts yields 

miO)-^ I e^^(±*+«-«')^^^^m+(e,A)m_(e',A)dA 

<((0(or^ii±(e-r)r'<t~^ 
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provided |i ± — ^')| > 1. If this fails, then we need to integrate by parts in ^' to 
remove one factor of A: since Ae~'^ ^ — id^'e^^^ ^, it foUows that 

JO-^ / e^'^±*+«-«')^i-^p^m+(^,A)%[(er^"^-(r,A)0(n] dXd^ 

Denote the two expressions after the equaUty sign by A and B, respectively. First, 
exploiting the cancelation due to W{—X) = —W{X) + 0(1) as A ^ oo, we see that 

..tA(l-x)(A)^ 



sup 



-m_|_(^, A)m_ (^, A) dX 



< 1 



WiX) 

Furthermore, since |^a{ ^^wfx)'^ ™+ i^, A)m_ (g, A)}| < X[|a|>i] I^T^, integrating by 
parts in A shows that the left-hand side is in fact < t^^. Hence, 

A<{ty'snp\<j>\ < {t)-' J{\ci^'{a + m')\)de. 

Second, by the same cancelation, 

B<J ((0(0)^^(1 + \t±{C' ar'iWia + m')\) dc 

<{t)-' [iWia + m')\)de- 



which gives the desired bound as usual. 
Case 2: ^ > ^' > 

In analogy with (|4.35p and (|4.36p we need to consider 

(4.38) r ^^^A.a(,+nA(l- x(A))„ m+(g,A)m+(r,A) , 

(4.39) r e"^e^^(«"«')^ii-4^/3_(A)^^^±^^i^S^dA. 

The integral in (I4.38|) is < (t)^^ uniformly in ^, ^' due to the decay of a- , see (|4.34l) . 
On the other hand, the integral in (|4.39p is not a bounded function in ^, ^' due to 
the lack of decay in A, see (|4.33p . Thus, we again need to redeem one power of A 
via a ^' differentiation, see above. □ 

References 

[1] M. Abramowitz & I. Stogun, Handbook of mathematical functions with formulas, graphs, and 
mathematical tables. Reprint of the 1972 edition. Wiley-Interscience Publication; National 
Bureau of Standards, Washington, DC, 1984. 

[2] G. Artbazar & K. Yajima, The L'P -continuity of wave operators for one dimensional 
Schrddinger operators, J. Math. Sci. Univ. Tokyo, 7 (2000), 221-240. 

[3] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applica- 
tions to nonlinear evolution equations. I. Schrodinger equations, Geom. Punct. Anal. 3 (1993), 
107-156. 

[4] N. Burq, P. Gerard & N. Tzvetkov, Strichartz inequalities and the nonlinear Schrddinger 
equation on compact manifolds, Amer. J. Math. 126 (2004), 569-605. 



32 



WILHELM SCHLAG, AVY SOFFER, AND WOLFGANG STAUBACH 



[5] N. Burq, P. Gerard & N. Tzvctkov, Bilinear eigenf unction estimates and the nonlinear 
Schrddinger equation on surfaces, Invent. Math. 159 (2005), 187-22.3. 

[6] W. Craig, T. Kappclcr & W. Strauss, Mierolocal dispersive smoothing for the Schrddinger 
equation, Comm. Pure Appl. Math. 48 (1995), 769-860. 

[7] P. Deift & E. Trubowitz, Inverse scattering on the line, Comm. Pure Appl. Math. XXXII 
(1979), 121-251. 

[8] S. Doi, Smoothing effects for Schrddinger evolution equation and global behavior of geodesic 

flow, Math. Ann. 318 (2000), 355-389. 
[9] P. Gerard, Nonlinear Schrddinger equations on compact manifolds. European Congress of 

Mathematics, Eur. Math. Soc. Zurich, 121-139 2005. 
[10] M. Goldberg & W. Schlag, Dispersive estimates for Schrddinger operators in dimensions one 

and three. Comm. Math. Phys. 251 (2004), 157-178. 
[11] A. Hassell, T. Tao & J. Wunsch, A Strichartz inequality for the Schrddinger equation on 
non-trapping asymptotically conic manifolds, Commun. Partial Differ. Equations 30 (2005), 
157-205. 

[12] A. Hassell, T. Tao & J. Wunsch, Sharp Strichartz estimates on non-trapping asymptotically 
conic manifolds, American Journal of Mathematics, 128 (2006), 963-1024. 

[13] A. Jensen, T. Kato Asymptotic behavior of the scattering phase for exterior domains. Comm. 
Partial Differential Equations 3 (1978), no. 12, 1165-1195. 

[14] J.-L. Journc, A. Soffer & C. D. Sogge, Decay estimates for Schrddinger operators. Comm. 
Pure Appl. Math. 44 (1991), 573-604. 

[15] J. Ranch. Local decay of scattering solutions to Schrddinger's equation. Comm. Math. 
Phys. 61 (1978), no. 2, 149-168. 

[16] L. Robbiano & C. Zuily, Strichartz estimates for Schrddinger equations with variable coeffi- 
cients. Preprint, 2005. 

[17] I. Rodnianski & T. Tao, Longtime decay estimates for the Schrdinger equation on manifolds. 

Mathematical aspects of nonlinear dispersive equations, 223-253, Ann. of Math. Stud., 163, 

Princeton Univ. Press, Princeton, NJ, 2007. 
[18] W. Schlag, Dispersive estimates for Schrddinger operators in dimension two. Comm. Math. 

Phys. 257 (2005), 87-117. 
[19] W. Schlag, Dispersive estimates for Schrddinger operators: A survey. Preprint, 2004. To 

appear in Proceedings of the conference "Workshop on Aspects of nonlinear PDE's, IAS 

Princeton. 

[20] H. Smith & C. Sogge, Global Strichartz estimates for nontrapping perturbations of the 

Laplacean, Commun. Partial Differ. Equations 25 (2000), 2171-2183. 
[21] G. Staffilani & D. Tataru, Strichartz estimates for a Schrddinger operator with nonsmooth 

coefficients, Commun. Partial Differ. Equations 27 (2002), 1337-1372. 
[22] D. Tataru, Parametrices and dispersive estimates for Schrddinger operators with variable 

coefficients. Preprint, 2006. 
[23] R,. Weder, L^-L^ estimates for the Schrddinger equation on the line and inverse scattering 

for the nonlinear Schrddinger equation with a potential, J. Funct. Anal. 170 (2000), 37-68. 

University of Chicago, Department of Mathematics, 5734 South University Avenue, 

Chicago, IL 60637, U.S.A. 

E-mail address: schlagQmath.uchicago.edu 

Rutgers University, Department of Mathematics, 110 Freylinghuysen Road, Piscataway, 
NJ 08854, U.S.A. 

E-mail address: sofferQmath.rutgers.edu 

Department of Mathematics, Colin Maclaurin Building, Heriot-Watt University, Edin- 
burgh, EH14 4AS 

E-mail address: W. StaubachQhw.ac.uk 



